double angle

[SQA] 1. Solve the equation 3 cos2x° + cos x° = —1 in the interval 0 < x < 360.
Part | Marks | Level | Calc. | Content Answer U2 0OC3
5 A/B CR | T10 60,131-8,228-2,300 2000 P2 Q5
ol ss: know to use o! 3(2cos?x° —1)
cos2x =2cos?x — 1 o2 6c0s?x° +cosx° —2=0
¢ pd: process e (2cosx° —1)(3cos x° +2)
¢’ ss: know to/and factorise quadratic ot cosx® = %, x = 60,30
¢* pd: process o> cosx® = —%,x =132,228
¢ pd: process

[sQa] 2. (a) Solve the equation sin2x° — cos x° = 0 in the interval 0 < x < 180.

YA

(b) The diagram shows parts of two

trigonometric graphs, y = sin2x°
and y = cos x°.

Use your solutions in (a) to write
down the coordinates of the point P.

Part | Marks | Level | Calc. | Content Answer U2 OC3
@ | 4 C | NC | T10 30,90, 150 2001 P1 Q5
(b) 1 C | NC | T3 (150, —2)

! ss: use double angle formula ! 2sin x°cos x°
o2 pd: factorise o2 cosx°(2sinx® — 1)
¢’ pd: process o3 cosx® =0,sinx° =}
o' pd: process o* 90,30, 150
> ic: interpret graph or
&3 sinx® = % and x = 30,150
o' cosx° =0and x =90
3
o (150,—%7)




seal 3. Functions f and g are defined on suitable domains by f(x) = sin(x°) and
g(x) = 2x.
(a) Find expressions for:
) fg(x));
(i) g(f(x))-
(b) Solve 2f(g(x)) = g(f(x)) for 0 < x < 360.

Part | Marks | Level | Calc. | Content Answer U2 0C3
() 2 C CN | Ad (i) sin(2x°), (ii) 2 sin(x°) 2002 P1 Q3
)] 5 C CN | T10 0°,60°,180°,300°,360°

o! ic: interpret f(g(x)) ol sin(2x°)
o ic: interpret g(f(x)) o2 2sin(x°)
¢’ ss:  equate for intersection 3 2sin(2x°) = 2sin(x°)
o ss: substitute for sin2x % appearance of 2sin(x°) cos(x°)
¢ pd: extract a common factor ¢® 2sin(x°) (2cos(x°) — 1)
¢® pd: solve a ‘common factor’ % sin(x°) = 0 and 0, 180, 360
equation o7 cos(x°) = 1 and 60,300
¢’ pd: solve a ‘linear’ equation
or
¢ sin(x°) = 0 and cos(x°) = 3
7°0,60,180,300, 360

[SQA] 4. Thediagram shows two curves with equations
y=cos2x° and y=1+sinx® where 0<xg360.

Find the x-coordinate of the point of intersection at A.

Part | Marks | Level | Calc. | Content Answer U2 0C3

1 C NC | T10 1991 P1 Q20
3 A/B | NC | T10

o cos2x®=1+sinx®
. Z.U.in2 W 4+sing®=0
" sinx*=0 or —%—

o =210
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[SQA]

[SQA]

5. Solve the equation cos2x° 4+ 5cosx° —2 =0, 0 < x < 360.

Part | Marks | Level | Calc. | Content Answer U2 0C3
1 C CR T10 1994 P1 Q15
4 A/B | CR | T10
' Replacing cos2x by 20087 x-1 300°
and
- ZC{}sz x+5cosx—-3=0 no extraneous solutions
3 and
. (2cosx—1}cosx+3)=0 no solution for cosx = -3 Indicated.
= [If a reason is given, it must be valid].

6. Solve the equation cos2x° + cosx° =0, 0 < x < 360.

Part | Marks | Level | Calc. | Content Answer U2 0C3
5 A/B CR | T10 1995 P1 Q15
ol substitute 2c0s>x"~1 for cos2x’
o2 [2mx‘—1Icmx°+1]=u
. cusx°=%, o8y =-1
o x=60,300
o x=180
7. Solve the equation sin2x° +sinx® = 0, 0 < x < 360.
Part | Marks | Level | Calc. | Content Answer U2 0OC3
5 C NC | T10 1996 P1 Q10
o 2sinxcosx+sinx=0
o sinx(2cosx+1)=0
o sinx=0, cnsx=—%
o 1sh x=0, 180
¢  2nd x=120, 240




[SQA]

8.

(a) Show that 2 cos2x° — cos? x° = 1 — 3sin® x°.

(b) Hence solve the equation 2cos2x° — cos?x° = 2sinx° in the interval
0 < x < 360.

Part | Marks | Level | Calc. | Content Answer U2 0C3
(a) 1 C CR | T8 1997 P1 Q18
(@) 1 A/B | CR | T8
o) 1 C | CR |TI0
) 3 | A/B | CR | TI0

1
(]

7

substitute 1—25in2 x° for cos2x®

substitute I—:-':iru2 x° for cn:-".2 xr

o 3sin® 4+ 2sinx°—1=0
o' (3sinx®-1)sinx*+1)=0
» sin;g'“:%, =i

195, 160.5, 270




sQal 9. (@) Solve the equation 3sin 2x°= 2sin x° for 0 <x <360 (4)

(b) The diagram below shows parts of the graphs of sine functions fand g.

State expressions for f(x) and g(x). (1)

(c)  Use your answers to part (a) to find the co-ordinates of A and B. (2)

(d) Hence state the values of x in the interval 0 <x <360 for which

3sin 2x°< 2sinx°. (3)
3 — g L — g— — S — — — —— —
= f
o e \
A y=9(4
80 180 270 360
B

| IS Y A -
L | . W SRS .

Part | Marks | Level | Calc. | Content Answer U2 0C3
(a) 4 C CR | T10 1992 P2 Q7
(b) 1 C CR | A7
(c) 2 C CR | A6
(d) 2 C CR | T2
(d) 1 A/B | CR | T2

(u)

(B)

{(c)

(d)

=" slrategy: ie sin2x = 2sinxcosx

. Si‘l‘u’=ﬂAN‘DL‘05¥=%

== (0, 180 anp 360

70.5 anpD 289.5 anD no other angles

. flx)=25inx°, g(x)=3sin2x"

" x=705 anD 2895
*° =189 AND-1.89

«% 705 anp 180
«” 2895 AND 360
use inequality signs logically to connect the points of intersection (ie not for 180 < x < 70.5 )




(sQAl  10.  The diagram shows an isosceles triangle PQR in which PR = QR and angle PQR = x°.

sinx® _ sin2x°® x
(@) Show that = . (3)
p r
(1) () State the value of x° whenp =r. "
(ii} Using the fact that p =r, solve the
equation in (a) above, to justify your )
stated value of x°. Q - 7 R (5)
Part | Marks | Level | Calc. | Content Answer U2 0C3
(a) 2 C | CN | CGD 1991 P2 Q3
(2) 1 A/B | CN | CGD
(b) 5 C CN | T10,T11
@ o' (180-22)
2 sinx®  sin(180 - 2x)°
r 7
o®  Sin(180-2x)°=sin2x° stated explicitly
B & e0e
¢ sinx®=sin2e
**  sinx(2cosx°-1)=0
o sinx*=0 and cosx°=}
¢ x=60 is only answer stated explicitly
11. Solve 2cos2x —5cosx —4 =0 for 0 < x < 27t. 5
Part | Marks | Level | Calc. | Content Answer U2 0C3
5 B CN | T10,T7 x = 2-419,3-864 2010 P2 Q4
ol ss:  know to use double angle ol 2x (2cos?x—1)---
formula o2 4cos’x —5cosx —6=0
o ic: express as quadratic in cos x e (4cosx+3)(cosx —2) =0
o3 ss: start to solve o' cosx = —% and cosx =2
¢* pd: reduce to equations in cos x only ¢° 2:419, 3-864 and no solution.
¢> pd: complete solutions to include

only one where cosx = k with
k| > 1




sQa] 12, On the coordinate diagram shown, A is the YA

point (6,8) and B is the point (12,-5). :A(6’8)
Angle AOC = p and angle COB = 4.
Find the exact value of sin(p +¢q).
AN C,
O q LX
B(12,-5)
Part | Marks | Level | Calc. | Content Answer U2 OC3
4 C NC | T9 & 2000 P1 Q1
ol ss: know to use trig expansion ol sinpcosq+ cospsing
2 pd: process missing sides 2 10 and 13
¢’ ic: interpret data 3 524082
¢* pd: process ot 126
sQa]  13. In triangle ABC, show that the exact C
value of sin(a + b) is —.
V5 1
a b
A 1 3 B
Part | Marks | Level | Calc. | Content Answer U2 OC3
4 C NC | T9 proof 2002 P1 Q5

ss: expand
pd: substitute

pd: process the missing sides

pc: process and complete proof

o/ AC =+v2and BC =10
stated or implied by o>
2 sin(a+ b) = sinacosb + cosasinb
3 1

1.3 1

* GVntVE VD

O
V20 T W5




[SQA]

14. The framework of a child’s swing has dimensions as shown in the diagram on the right.

Find the exact value of sinx®,

NPA

Part

Marks | Level | Calc. | Content

Answer

U2 0OC3

1 C NC | T9

4 A/B | NC | T9

1996 P1 Q18

sketeh with % marked inr/a A

height of triangle = /5

- ard & l l
511'1:|:w21v,1n2 XCOS5 X

OR

@

Ein% =% and ms%.‘; =5

sinxzd—ﬁ

know to use ¢cosine rule

e T o

CB¥="7333

3

drawrfa A oruse mszx |-si112x=1

sinx:"r%w




[SQA]

15. A ship is sailing due north at a constant speed. When at
position A, lighthouse L is observed on a bearing of a°.
One hour later, when the ship is at position B, the
lighthouse is on a bearing of b", The shortest distance
between the ship and the lighthouse during this hour
was d miles.

(2) Prove that AB=—% i

. - 2
tang® tanbp® @
dsin(b - a)°
() Hence prove that AB =M. (3)
sina®sinb
(¢) Calculate the shortest distance from the ship to the lighthouse when the
bearings a* and b” are 060" and 135" respectively and the constant speed
of the ship is 14 miles per hour. (3)
Part | Marks | Level | Calc. | Content Answer U2 OC3
(a) 1 C CR | CGD 1992 P2 Q8
(a) 1 A/B | CR | CGD
(b) 3 A/B | CR | T9
() 3 C CR | CGD
1
(@) « CA= h-; -
2
< 8= la.nﬂ%[.‘r—ﬁ)
3 d d
0 & AB=— )

o} dcosa _ dcosk
sina sinh

.5 dein bocosa-denshsinag
sinasinb

(©@ «° AB=14
. 1.577 or 0.634
{(comes from AB=1577d or d =0.634 AB)
. 8.9 miles




[SQA]

16.

(a) Using the fact that 71—72T = % + 7, find the exact value of sin<7—”> .

12

(b) Show that sin(A + B) 4 sin(A — B) = 2sin A cos B.

(c) (i) Express {5 intermsof 5 and 7.

(i) Hence or otherwise find the exact value of sin(7—") + sin (ﬂ) .

12 12
Part | Marks | Level | Calc. | Content Answer U2 0C3
1
(a) 3 C | NC | T8, T3 V34 2009 P1 Q24
2v/2
(b) 2 C CN | T8 proof
© | 3 B | NC | TII I_I_Z
) 1 C | NC | T11 Yo or /3
! ss: expand compound angle o! sin% cos § 4 cos 5 sin §
o2 ic: substitute exact values o2 \/Tg x L 4 % x L
% pd: process to a single fraction v2 V2
5 V3+1 .
. or equivalent
o ic: start proof 2v2
¢® ic: complete proof * sin AcosB+cosAsinB+ - - -
> ... 4+ sinAcosB — cos AsinB and
¢ ss: identify steps complete
o’ ic: start process (identify ‘A’ & ‘B’)
8 ic: substitute o X =T_7
¢’ pd: process 7 3., 1
p p [ ) 2 X T X ﬁ
8 V6
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17. In the diagram, A and B have coordinates as shown.

b
- 4 B(b, @
Express sin AOB in terms of g and &.
Ala, b)
o E1
Part | Marks | Level | Calc. | Content Answer U2 OC3
4 A/B NC | T8 1989 P1 Q11
o' 0A=0B=vya®+b
** sin AOB = sin(BOx ~ AOx) = sin BOx cos AOx - cos BOx sin AOx
. NN .| | S |
wJ’;:Hb’ -Jaz +b2 ‘an -i-!-'2 Jﬂz-vb?
4 iyt
i nz +bz
18. Using triangle PQR, as shown, find the exact value of cos 2x. R 3
N7
X
2 Q
Part | Marks | Level | Calc. | Content Answer U2 OC3
3 C NC | T8 1999 P1 Q12
o)

- i — 32
COSX=—= 0Or Sinx=
V11 1

2
. coslx:?x(:ﬁ-i—] -1

e

1

—

19. Given that cosD = -+

= and 0 < D < %, find the exact values of sin D and cos2D. 3

Part | Marks | Level | Calc. | Content

Answer

U2 0C3

4 C NC | T8

1990 P1 Q9

o' sirat for exact value: e.g. sin2£)=1—l:oszD

o2 sinD=-L

v cos2D = %




sQa]  20. Given that sin A = %, where 0 < A < 7, find the exact value of sin2A.

[SQA]

[SQA]

21.

22.

Part | Marks | Level | Calc. | Content Answer U2 OC3
3 C NC | T8 1991 P1 Q12
o\ strat for cos: eg cos® =1—sin’
* CosA= %
o} sin2A=3
For acute angles P and Q, sinP = % and sinQ = %
Show that the exact value of sin(P + Q) is &.
Part | Marks | Level | Calc. | Content Answer U2 OC3
3 C NC | T8 1993 P1 Q6
o! cosP = %
2 cos Q= %
3 124,35
o Bxdegxd
Find the exact value of sin 8° 4 sin(0° + 120°) + cos(0° + 150°).
Part | Marks | Level | Calc. | Content Answer U2 0C3
3 C NC | T8 1994 P1 Q6
o) sin@cos120+cos@sin120 and cos6cos150 - sinOsin150
o correct use of exact values
o simplification to zero




soa]  23. If cosf = %, 0 <6 < 7, find the exact value of

[SQA]

[SQA]

(a) sin26

(b) sin4f.

Part | Marks | Level | Calc. | Content Answer U2 0C3
(a) 2 C | NC | T8 1994 P1 Q13
(b) 3 A/B | NC | T8
o sing=2 o 26in20c0s26
o 2.2% o cos20= ;;5

24. Given that tana = @ , 0 <a < 7, find the exact value of sin2x.
Part | Marks | Level | Calc. | Content Answer U2 0C3
3 C NC | T8 1995 P1 Q12

o' “third side” = 20
'2 sina:% or cosa:;%ﬁr
- v, 3

2x :',-Er *® 32I=0
5. The diagram shows two right-angled triangles ABD o
and BCD with AB = 7ecm, BC = 4cm and CD = 3em.
Angle DBC = x* and angle ABD = 3°.
o, 20-66
Show that the exact value of cos{x+y) is ;
35 Tem
Sy D
dem
x°
B " J— C
Part | Marks | Level | Calc. | Content Answer U2 OC3
3 C CN | T8 1996 P1 Q15

' know to calculate missing sides

o BD=5, AD=+23
24
-T

s

o3 COS X COS i — 5i iny=2%.3 -3
vy smxsmy—;.a?




[sQA]  26. If x° is an acute angle such that tan x°

WIH~

, show that the exact value of

) . 4v343
sin(x° 4 30°) is L
10
Part | Marks | Level | Calc. | Content Answer U2 OC3
3 C NC | T8 1997 P1 Q7
o sin x° c0s 30°+ cos x°sin 30°
o sin®=4 & cosx°=4
o %*{3—+%% and completes proof
[sQa]  27. A and B are acute angles such that tan A = % and tan B = %
Find the exact value of
(a) sin2A
(b) cos2A
(c) sin(2A + B).
Part | Marks | Level | Calc. | Content Answer U2 OC3
(a) 2 C | NC |18 1998 P1 Q7
(b) 1 C NC | T8
(c) 2 C NC | T8

1

2

sinA=2 and cosA=%

sin2A=2x2x+=% (accepr 0.96)

2 cos24= €2 (%}2 “{3‘-)2 =~}g {accepr 0.28)

4

5

. sin2Acos B+ cos2AsinB

< sinB=gy and cosB:-'i-?g and %




[SQA]

28.

The diagram shows a circle of radius 1 unit and centre the origin. The radius OF makes
an angle a° with the positive direction of the x-axis.

¥

1,0 0 1,00 = 1,0 0 1, 0)

(@ Show that P is the point (cosa®, sina®).

X

I
& 1 POQ = 45°, deduce the coordinates of Q in terms of 2. 1
© If PE}R = 45°, deduce the coordinates of R in terms of a. 1
(&) Hence find an expression for the gradient of QR in its simplest form. 4
{e)  Show that the tangent to the circle at P is parallel to QR. 2
Part | Marks | Level | Calc. | Content Answer U2 0C3
@) | 3 C | NC | CGD 1999 P2 Q8

(d) 4 | A/B | NC | T8 G2

@) 2 | A/B | NC | G2,G5

(@ o proofeg. showing rt-angled triangle with “1” and a°
B 2 Q is (cos(a—45)°,sin(a - 45)°)

@ & R is (cos(a+ 45, sin(a+45)°)

4] K sin{a+45)-sin{a—45}
cos(a+45 )—cos(a—45)
o0  Sinacosd5+cosasindS-sinacosd5+cosasin 45
<08 d00s 45—5in a 5in 45-cosacosd5-sinasin 45
o8 _2cosasinds

—2sinasin4h
o? __1
tana
8
(e) *  mop= i’;‘: =tana
9

Mgt at P= " Tana




29.

(a) Diagram 1

shows a right

angled

®  SS!

ratios

know to use addition formula
ic: substitute into expansion
pd: evaluate sine of compound

sinacosb — cosasinb
3 4 2 3

—_ >< =z — = x =

V13 5 13 7 5

5

S‘
@

: . : Y,
triangle, where the line OA has equation ‘
3x —2y = 0. A
(i) Show that tana = %
(ii) Find the value of sina.
a - R
O X
Diagram 1
(b) A second right angled triangle is added v,
as shown in Diagram 2. A
The line OB has equation 3x — 4y = 0.
Find the values of sinb and cosb.
alb| [ .
O x
Diagram 2
(c) (i) Find the value of sin(a — b).
(ii) State the value of sin(b —a).

Part | Marks | Level | Calc. | Content Answer U2 0C3
(a) 4 C CN | G2,T5 proof, %1_3 2010 P1 Q23
(b) 4 C | CN [G2,T5 sinb = 2,cosb = %

6 6

(© 4 B | CN | T8, T1 = om
ol ss: writein slope/intercept form o! y= %x
¢ ic: connect gradient and tana o> m =3 and tana = 3
¢’ pd: calculate hypotenuse 3 /13
o ic: state value of sine ratio ot 3 or3VI3
V13 13

oz ss: determine tan b ' o tanb = 3
*” ss: know to complete triangle ¢ right-angled triangle with 3, 4
¢’ pd: determine hypotenuse o 5
o8 ic:  state values of sine and cosine o8 sinb = % and cosb = %




seal  30.
(a) Write the equation cos260 4 8cosf + 9 = 0 in terms of cos and show that,

for cos 8, it has equal roots. 3
(b) Show that there are no real roots for 6. 1
Part | Marks | Level | Calc. | Content Answer U2 0OC3
(a) 1 C | CN | T8 A17 1998 P1 Q18

() 2 | A/B | CN | T8 A17
(b) 1 A/B | CN | Al

' 2c0s’B-1+8cosB+9 1 cos®=-2 has no solution
. 2cos6+2) =0
or  “bP-dac”=16-4x1x4

& cos@=-2 twiceor “b’ —4dac” =0

(sQa]  31. Functions f(x) = sinx, g(x) = cosx and h(x) = x + J are defined on a suitable
set of real numbers.

(a) Find expressions for:

) f(h(x));

(i) g(h(x)). 2
: 1 1
(b) (i) Show that f(h(x)) = 5 sinx + 5 cos x.
(ii) Find a similar expression for g(h(x)) and hence solve the equation
f(h(x)) —g(h(x)) =1 for 0 < x < 27. 5
Part | Marks | Level | Calc. | Content Answer U2 OC3
(a) 2 C NC | A4 i sin(x + §), (ii) | 2001 P1 Q7
cos(x + %)
(b) 5 C NC | T8, T7 (i) proof, (i) x = %, °F
! ic: interpret composite functions ol sin(x+ %)
¢ ic: interpret composite functions o’ cos(x+ %)
o’ ss: expand sin(x + §) o’ sinxcos§ + cosxsin% and
o ic: interpret complete
¢® ic: substitute ot g(h(x)) = % cos x — % sin x
6 +d- ; . .
:7 gg ;tforzessc;lvmg process o’ (% sin x + % cos x) — (% cos X — % gin x)
' of \% sin x
o/ x =23 accept only radians

[END OF QUESTIONS]



